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ABSTRilOT 


Admittance, impedance, scattering and other matrix 
parameters are derived for designing a pair of coupled lines 
of tinepual widths embedded in a non-homo genous dielectric 
medium, a case termed as 'Asynchronous and Unsymmetric ' . 

Conditions for perfect matching and directivity for 
asynchronous and unsymmetric pair of coupled lines are 
derived. These conditions are used to obtain the relations 
between the design parameters are line parameters. 

Equivalent circuits and A B C D parameters have been 
reported for various filter configurations obtained by 
putting different end conditions at two of the four ports. 
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Gliapt er 1 
INTRODUCTIOIT 

Tlie mechanism and theory of electro magnetic coupling 
■between parallel high frequency transmission lines sharing 
the medium where the propogation takes place, has been the 
o'bject of studies for many decades. The theory has been 
developed for both arbitrary lines in a homogenous dielectric 
medium as well as of symmetric lines embeded in an inhomo- 
genous dielectric medium, not to mention of the simplest case 
of symmetric equal lines in a homogenous dielectric medium. 

Besides the fundamental academic interest of the subject, 
in the context of network analysis and synthesis, there are 
maiay practical applications of coupled lines. Uniform 
coupled line circuits are used for many applications such 
as filters, directional couplers and impedance matching net~ 
works. These circuits are usually designed by utilizing the 
impedance, admittance, chain and other parameters characteri- 
sing the coupled line four port network. 

¥e will be restricting our discussions to a system of 
two parallel coupled lines, sustaining TEM waves. This 
represents a wide variety of more general situations, first 
and simplest of these cases is a pair of symmetric coupled 
lines in a homogeneous dielectric medium, i,e,, two 
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conductors placed close to each other in a uniform dielectric 
medium like in case of a symmetric pair of coupled striplines 
sho-wii in Fig. l(a,)'. Secondly when the medium is isotropic 
or homogenous, but the two lines are of unequal widths and 
are not symmetric with respect to a longitudinal plane half 
way between the two lines. For example, a pair of coupled 
striplines of unequal strip widths. Thirdly, when the diele- 
ctric medium itself is not uniform or homogenous but the 
coupled lines are symmetric . This case is similar to a 
symmetric pair coupled nicrostrips. Fourth and the last of 
these cases is the most general one where neither the dielectric 
medium is homogenous nor the two coupled lines are symmetrical, 
i.e. a pair of unequal coupled microstrip lines. Such a case 
is termed as 'Unsynmetric and Asynchronous' and will be dealt 
here. 

Solutions for many of the cases of coupled wave propaga- 
tion montionod above arc a.lroady known. B.M.T, Jones and 
Ba,lljahn [ 2 ] has given solutions for the first of the oases 
discussed above, a pair of coupled lines with line-to-line 
symmetry with respect to a longitudinal plane half way 
between the equal lines in a homogenous medium, using the 
method of ana,lysis developed by Reed and Wheeler [ i ] for 
longitudinally symmetric four ports. This analysis yielded 
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the four distinct entries of the Z-mtrix of a -syirinetric 
coupled line four port, on the basis of so called even and 
odd node impedances, and In the frame of this 

theory, the electromagnetic coupling of waves propogating 
a.long coupled lines, is described in terns of linear super- 
position of two uncoupled waves, the even and odd node wa,ves, 
moving on both lines at the sane propogation velocity but a.t 
different impedance levels. 

The similar analysis was lo,ter extended to the cases of 
unequal lines by Ozaki and Ishii [ 6 ] and later by Cristal [ 3 ]• 
This resulted in six distinct entries of the unsymnetric 
coupled lines four port Z-matrix on the basis of Z , Z ' and 

t/ L/ 

Z^^ and Z^^, the even and odd node impedances of lines 'a' 
a,nd ’b* respectively. Once again, two inodes are characteri- 
zed by one and the same propogation velocity and same electri- 
cal length © . 

¥ith the introduction of microwave hybrid technology 
in last few years the activity has been shifted to theory of 
coupled line systems with a non homogenous propogation 
medium, in which non homogenity occurs in a cross-section 
orthogonal to the direction of wave propogation [7 ], [8 ]• 

In case of equal lines on an in 'homogenous dielectric medium 
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(synmetric Asynchronous Coupled lines) the even and odd node 
ciiialysis can still be applied and one obtains four distinct 
entrios of four port inpedance natrix in the sane 'wo.y as for 
the honogenous dielectric nediun ca,se, with two propoga.tion 
velocities for two different nodes instead of one as in the 
case for honogenous nediun. Thus the four port natrix is 
characterized by two linearly dependent electrical lengths 
Such cases where the two propogation velocitios 
are different or 4- a,ro called as 'Asynchronous', 

This thesis is intended for development of generalized 
formulae suited to the situation of a pair of unsymmetric 
pa,rallel coupled lines embedded in a non— homogenous dielectric 
iiedium, as those used in technique of suspended substrate 
striplines or micro striplinos of unequal widths on a dielectric 
medium., following the geometry shown in Tig. 1, Keeping in 
view the a.ctivity and usefulness of Asynchronous and unsymmetric 
coupled lines, this topic has been chosen for further work. 

One distinct advantage, which an unsymmetric pair of coupled 
lines has over the symmetric lines is that it combines two 
functions, coupling and impedance transf ormatiox^ in one 
unlike in the later. The presence of suspended substrate 
prevents, strictly speaking, a wave propogation according 
to purely TEM wave mode? it is known however, tha,t this kind 
of proximation yields good . results in many practical situation-. 
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Recalling that even and odd nodes of excitation 
correspond to the cases xmere the voltages and currents are 
equal in magnitude and in phase for even mode and out of 
pha,se for the odd node, it is seen that such nodes can not 
propogate independently for the case of asymmetric coupled 
lines [ 9 ], Speciable ha,s reported some experimental results 
ttO ] where it is observed that a very interesting and simple 
condition exists in the case of non~symnetrical parallel 
coupled lines in a non~homogenous medium which reduces the 
fundamental modes to a voltage even node and a current odd 
node. This is true for unsynnetric and asynchronous coupled 
lines satisfying a ’congurent' symmetry condition given 
later. This has resulted in a great simplification in the 
expressions for node a,dnittance and impedance parameters for 
the two lines. 

We have obtained the mode parameters of a general un- 
synnetric and Asynchronous coupled line four port in terms of 
the line properties for two independent modes of excitations. 
Those nodes correspond to a linea-r combination of voltages 
and currents on two lines which are related in magnitude and 
phase through toms involving line constants. Scattering 
parameters for a special case with c^ongurence ssnnmotiy have 
been calculated. Based upon these a condition has been found 
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for perfect no^tdiing and directivity of a pair of Unsymnctric 
and Asynchronous coupled lives. From this, relations between 
the design parancters .and the line parameters of a, pair of 
unsyinnetric and asynchronous coupled lines are derived. 

Parameters for va,rtous filter configurations which 
can be obto.ined using the four port coupled line structure 
are also derived. Equivalent circuits for most of those 
conf iguro.tions are also obta-inod. 



CHAPTER 2 


DERIVATION OP Z ADMITTANCE MATRIX 


The behaviour of an arbitrary system of n parallel 
coupled lines, propogating sine wave signals, can be 
represented by following equations s 




( 1 

0 

1 1 

= [Z][I] 

(1«1) 


= U][T] 

(2.2) 


where [7] and [l] column matrices whose elements are the 

symbolic voltages and currents and [Z] and [Y] matrices are 
"tiix 

the n order square matrices with elements representing 
self and mutual impedances and admittances. Por a system of 
2 Asymmetric lines embedded in a non homogeneous medium 
(Fig. l) the behaviour is described by the following set 
of general equations s 


dv^ 

dx 11 m2 

dv2 

*" di“ ^m^l ^2^2 


(2.5) 

(2.4) 


dx 


= yi'^l V2 


di2 

dx“ 




2»2 


+ 7 
■^m 1 


(2.5) 


( 2 . 6 ) 




Fig, 1 : A pair of Asyrometric coupled lines ‘in an 
inhomogenous medium 
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where and Z 2 are self impedances and and ^2 

self admittances per unit length of lines 1 and 2 in the 

presence of the other line. Also z and y are mutual irnpe- 

m m 

dance and admittance per unit length respectively with an 
ed'wt variation. 

Actually, the eq_uations (2,3) to 2,6 ) ■ represent voltage 
a.nd current relationships for any pair of coupled line 
systems described earlier, i,e. symmetric or unsymmetric and 
synchronous or Asynchronous pair of coupled lines. In the 
four cases mentioned ea.rlier, the line parameters z^^, Z 2 , 
or y^^, ^2 satisfy different conditions. 

Differentiating (2,3) and (2,4) and substituting (2.5) and 
(2,6) we get a system of equations for voltages on uniformly 
coupled lines 


d Vq _ 
d?” 

a^Vl - bj_y2 = 0 

(2.7) 

.,2 

d V 2 

^2'^2 - ’=2^ = 0 

(2.8) 


where 

ag = 

*’1 = Vm + 5^2^ 

''a = 


(2.9) 
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Assxaming a voltage variation of the type v(x) = 
beca.use none of the coefficients vary with x, we get the 
solution of resulting eigen value problem. It is to be 
noticed here that^ in a non homogenous dielectric medium the 
roots of the characteristic equation of the above system 
will be all different even without losses. The resulting 
value of foiir different roots of y, corresponding to in— phase 
and antiphase waves for a class of lossless lines. These 
roots are s 


and 

where 


U,2 = i ^ 

Yj 4 = + Y 


% 


o 




1 

T 


( 2 . 10 ) 


From these we obtain two propogation velocities. 


It has been observed experimentally that both the modes 
travel at the same velocity of propagation in a homogenous 
medium while there are two different velocities in case of 
an inhomogenous medium. A possible explanation for these 
can be given as below. In an homogenous dielectric mediura 
both the modes of propogation are subject to same conditions 
by the dielectric medium and relative dielectric constant 
is same in both the modes. Assuming the TBM mode of 
propogation, this indicates that there is only one velocity 
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of propogation for the two modes. Thus, (a^~a2)^ + 4 b^b2 = 0 
and V^Ca^+a2 j/2 = w/v, where v is the velocity of light in 
the dielectric medium. For identical lines the above condition 
further implies = *"V -^2 

and = z^/Vz^ Z2. When the dielectric medium is inhomogenous, 
the two modes are affected in a different way by the diele- 
ctric medium. In one of the modes having signals in opposite 
phase on two coupled lines, there is a larger propotion of 
the electric field outside the dielectric medium. For example, 
in case of microstrip coupled lines, upon odd mode excitation, 
more electric field is outside the dielectric than during 
even mode excitation. Thus there are two effective dielectric 
constants for two different mode propogating on coupled lines. 

In such a case, (a^-a2) + 4 b2^b2 5^ 0 and more than one 

phase velocity will occur. In general, k + k this 

z y 

situation is referred to as * co— directional coupling' since 

forward waves (+ modes) can only couple to forward ijavo and 

can only couple with backard wave, [ 
backward waves L For the case of k^^ ” 

referred to as ' contradirectional ' coupling. It can be shown 

that, for homogenous mediiun k„ = - k„ and that k = k can 

z y z y 

only be obtained by adding excess capacitance to the lines[15]. 

Let us define here the ratios of voltages on two lines 
for each of the waves, this is given, by ; 
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V. 




Y 


Si 


1 


Y 


a. 


( 2 . 11 ) 


or 


A 

Ho = 


for Y = ± Y, 


and 


2b 


2 

^ ^ (a^- a, ) + [(a-->a, )^ + 4 b.b^] 


f 




a"2- 


i 


A ""2 ^ 

Rn =;p^ for Y = ± Y^ 


?.:1 


2b. 


2 

(a^^a^^) ~ [(ap"“a-| ) + 4-b.|bpJ 


''2 "^ l ' 


H 


j 


(2.12) 


(2.13) 


From these one notices that ~ is positive real for 

one mode and negative real for other mode for a large class 
of lossless coupled line system where "^^132 0. In case of 

identical lines R = +1 and R = -1 and two modes are same 

C 71 

as even and odd mode defined normally. 

One very interesting result comes into view if in 
equations (2,9) 


Of + bf = 02 + t2 


(2.14) 


or 


^•1 ~ ^2 ” ^2 “ ^1 


(2.15) 
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or 

yi + ^ ^2 - & 


( 2 . 16 ) 


In this case, which is called congurehDeo [lo] we get 
^c ” 2h’^ |^^®'2”^1^ ^ ^1^2^ J 

= 2^7” 

>L. 


R = +1 
c 

and R 
% 


^1 -*-ym 
^2 + ym 



( 2 . 17 ) 

( 2 . 18 ) 


The corresponding ratios of current on the two lines are 



for Y =+Yc 

for Y ± 


( 2 . 20 ) 


This situation has actually been experimentally verified by 
special e[ 10 ] with redefined even and odd mode definitions. 
He has also gone ahead in calculating admittance matrix 
based upon these definttion::., \ . 't . 



14 


For finding out the admittance matrix of a generalized 
case we write dovm the general solution of voltages on the 
two lines in terms of all the four waves found earlier. 

This is given hy 

-Y X Y X -Y X Y ^ 

v^ = e ° + A2 e ° + A^ e + A^ e (2,21) 

-Y X Y^x ~Y X y X 

^2 = ® + ^ 21*0 ® ® ® 

( 2 . 22 ) 


The corresponding currents can he obtained by substituting the 
above values in equations (. 2 , 3 ) and ( 2 , 4 ). These are 


^1 


A^r T e 
1 cl 


-Y X 


A Y 
“^2 cl 


Y„x ~Y 3: 

e= 


A.T. , (2.23) 

4 1x1 


±2 - ^i^c^c2 ^ 


-Y X 

'c 


Y 

c 


- ^2 Vo2 ^ + ^3V«2 ® 


IT 


A.R Y 5 e 
4 TT 1T2 


Y X 
'te 


( 2 . 24 ) 


The direction of currents is as shown in Fig. 1, And 
Y^2 s> Y^2 3 -^® "til® characteristic admittances of lines 

1 and 2 for the two modes and these are given by 


Y 


cl 





Zt R - z 
1 c m 



(2.25) 


( 2 . 26 ) 
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Y 


ul 


= Y 


TZ 


z- - z R - 
2 mu 

Z 


Y 


Y Z-, R 
'% 1 % 


z_ 


m 


n2 R 




1 

'^%2 


'2,27) 


(2.28) 


Prom these and equations (2,12) and (2,13) for R and E. 

L/ J U 

respectively it is seen that 


Y Y 

d 7X1 T? T? 

^o2 " Y^2 ^ 


(2.29) 


Prom the equations given above for voltages and current, we 
;-;ot 


[1] = [Y] [A] (2,30) 

and [V] = [Z] [A] (2.31) 

where [I] and [V] are current and voltage column matrices 
respectively and [A] is a column matrix of 4 constants 
Aj y A 2 , A^ and A^. From these we can get admittance matrix 
by writing current matrix in terms of voltage matrix and 
eliminating amplitude coefficients [A], Thus we get 

[I] = [Y] [V] ( 2 . 32 ) 

whore the 16 entries of the Y-matrix for 4 ports are as 
given below > 
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= r 


11 - "44 - r~'R'"7R 




% 0- 


rr^V^ 


(2.33) 


^ ^ „ ^r«i y n Y , Coth Y i 

\2 = ^21 = ^34 ° ^43 ° - 57l=y^ - OT - - - R /H ] ' (2-34) 

a c 11 c n: c 


'^13 “ ^31 “ ^24 "" ^42 


cl 


— + 


^Ttl 




(2.35) 


Y. 


Y 


.4 


cl 


" Jl-R^/R^ysinh Y 


cl 


Til 

(l-R^/R^;Sinh Y. 


7i:l 


(2.36) 


•22 


•33 


®o ^02 

~!X 


Coth 


TZ 


\y 


^cl \ \2 Y^l 


tk 


\~y 


(2.37) 


Y 23 = Y 


Rc Ic2 

52 T^-RqT Sinh 


Y^n ( vO^Sinh Y, 


\ ^2 


cl 


It' 


^TCl 


(2.38) 


Similarly one can o"btain 6 independent entries of a fotir'. 
port Z— matrix 'by obtaining [V] in terms of [Z] and [I] and 
eliminating amplitude coefficients [A] in (2.30) and (2.31). 

The elements of 4 x 4 Z-matrix are given by 2 


Z 


11 ~ 



Coth Y^^ 
- ^4 - R^/R^) 


^4 - VS=^ 


(2.39) 
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"cl \ 7,1 

^12 “ ^21 “ ^34 “ 43 “ Ti"^100 (1 r "Rr/O 

G 7t TC G 


^02 T^ol ^x2 1^7.1 

ff^"r“E77E“) " R (1 - R^/C 

-n; c % c TC c 


(2.40) 


^13 " "31 ” "24 " ^42 


R Z ^ 
0 cl 


C Tl' 


%1 

^Rc )Sinli Y^ 


(2.41) 


^14 “ ^ 


(l-R^TRlT^inh Y-;! 

c % '1 


Y^l 


(2.42) 


^22 " ^33 


Rc Z^2_Cotli \ ^k2 ^ 71:1 

Rpn^R^TR^r - 


(2.43) 


^23 “ ^32 


2 

c cl 


2 

\ " 1.1 

gTR^Tsis 


( 2 . 44 : 


TRe above results^ as expected, seen to be reducing to 
more familiar values of some special cases. Ror example, in 


case of 


symmetric coupled lines where ~ ^2 ~ 7^ 


Zr = Z 2 = z. Then R^ = 1 and R^ = -I, we get : 


Z ^2 — Z^R = Z^^ the even mode impedance and Z^r 


the odd mode impedance with 


= C(y ± (2 ± z)] 


(2.45) 
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and resulting expression of 4-port matrix pa.raineters are 
sane a.s those in Zysman and Johnson [4 ] for an inhomogenous 
nediun and Jones and Bolljahn [2 ] for a homogenous 

medium (for TEM case /y = - z /z), 

111 in 

The results also no.tch with Specials' s [ 10 ] for con- 

current synnetiy case obtained with the new definition of 

even and odd modes. For example, substituting S =1 and 

o 

2. = -2^ in equa.tions (1.33) to (1,38) we obtain : 

TU j 

hi = h4 = thhl Ul + hi 0°^!^ Ulh(l+h) <2.46) 
h2 = ^21 = ^34 = h3 = h=l hi'"* hi V^il/Cl+h^ 

' ( 2 . 47 ) 

h3 = ^31 = "^24 = ^"42 = C-Ioi/SinU Vcl + hlhi>^ Y^ihCl+H^) 





(2.48) 

h4 

= ^41 

= -[hhl/Sll* hi + hl/Si-^ hlh(l+h^ 

( 2 . 49 ) 

'^22 

= 

= [-7^2 Ooth V^iJ/d+Iij) 

(2.50) 

Y23 

= ^32 


( 2 . 51 ) 


These results are similar to those obtained by Specialle [lOjfor 
lossless coupled lines with conguront symmetry. 
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DERIVATION OR SCATTERING MATRIX 


The scattering matrix for a generalized case of Asy- 
mmetric coupled lines in an inhomogeneous medium can he 
derived using the Admittance or Impedance matrices obtained 
earlier. But this procedure becomes quite complicated and 
involved. 


A step by step procedure has been applied to find out 
the scattering pa,rameters of a system of coupled line which 
satisfy congurence condition given by equation (2,16), 
Once again for such a case R^ = + 1 and = - R^, Taking 
the reference origin of co-ordinate system at port 4 in 
Fig. 1 with positive semi axis pointing towards port 1, we 
get : 


V^ = A-^ e + A^ 6 + A^ e + /lA^ e 

= A^ e + A 2 e 


- R^^ e 






V^ — Aj^ + A2 “■ R^ A^ — R^ A^ 


t ^ = A^ + ii2 + A^ + A^ 


(3.1) 

(3.2) 

(3.3) 

(3.4) 


where 


Coth = -3 Cot 

Coth Y 1 = --3 Cot G 
’-rcl % 
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where © and 0 are the electrical lengths 

O 71/ 

= even node incident (forward) wave 

^2 = even node reflected (backward) wave 

A~ = odd node incident wave 
2 

and A^ = odd node reflected wa,ve 

Subtracting (3.2) fron (3*1) and (3.3) fron (3*4) 

3© “d® 

- V 2 = (1+R^) e ^ A^ + (1+R^) e ^ A^ (3.5) 

and 

= (l+R^) A^ + (1+n^) A^ (3.6) 

again [eqn, 3.2 + x eq, 3.1] and [Equation 3.3 + R^x3.4] 
wo get 

+ ^2 = (l+R^) e A 3 _ + (1+R^) e ^ ^2 

% + ^3 = (l+R^) A^^ + (l+R^f) A 2 ( 3 I 8 ) 

Iron ( 3 . 5 ) and (3.6) we get A^ and A^ and fron (3.7) and (3.8) 
we get A^ and ^2°- 

These are 
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1 ( a^ + v^) - +Y^) e ^ 


1 + R, 


3®o -j®c 

e -e 


ri:Ti; • RjWe^ C( Vi ^ 2 '> - ‘ V4 + ^^3^ 


( 3 . 9 ) 


Simil<arly . 


Ao = - 


1+a^ 2 j Sin © ^2^ 

3 c 


3®c-i 

(a^V^ + V^) e 


and 


"*3 = Rrfe-e ['a-A) - (v'^3> 

J) TC 


( 3 . 10 ) 


( 3 . 11 ) 




A/i — 


[(v,-v,) - (7.-V,) s’ ■“] 


4 - 1 +R, 2 j Sin e L^'l— 2 ' - ''4 '3 

^ TC 


(3.12) 




Defining the four port currents l 2 > and by 
multiplying with appropriate even and odd mode line admittances 
and impedances , 

j© A„ -j© 

h = ^oi A ® + zV ® - hi ^2 

Ttl 


A 

Z 


exp (-j©^) 


%2 


TC' 


( 3 . 13 ) 
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Internal incident waves on ports 1 and 2 are positive and 
on ports 3 and 4 are negitive. Converse is true for interna.1 
reflected waves. If tlie corresponding wave voltage is positive 
which is not the case for odd node voltage in line 2, hence 
reversal of sign, Fron (3.13) to (3.16) we get (l^ + l2^» 

(I^ + I^) and (Ij ~ ^4 ~ From these we get 

the values of A^, A2 and A^, A^ respectively. These expre- 
ssions cone out to he 


A^ = Z^Cd^+I^) + (I4+I3) exp(-d©^)] (3.17) 
A2 = E2_[(l^+l2) + (I4+I3) exp(o&^)] (3.18) 
A^ = + (I^-R^I^) exp(-o&^)] (3.19) 
A^ = + (I^-R^I^) exp(j©^)] (3-20) 


where 
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o ^ TT _ Ttl 1 

and K 2 - 23 Sin & 

j TC 

This represents value of amplitude coefficients in terms of 
port currents for a general load condition. 

Now we solve from (3.9) to (3.12) and from (3.17) to (3.20) 
for specific load conditions. Let there be a generator 
with E.M.F, and internal impedance at port 1 and loads 
of impedance at other ports then 


V' 


(3.21) 


A = -A/^o 

(3.22) 


I3 = 

(3.23) 

and 


(3.24) 


Putting these in (3.17) to (3.20) and eq^uating them with 
(3.9) to ( 3 . 12 ) we get 

= M^[(R^V^+V2) - (R^V^+V^) exp (-j©^)] 

= (3.25) 

A2 = -Mi[(H^V 3_+Y2) - (R^V^+V^) exp(j©^)] 

= K2_[(E^-V^-72) - ^"'^4 "^^3^ Gxp(j9^)]/Z^ . (3.26) 

=M2[(V^-V2) - (V^-7-^)exp(~aO^)] 

= exp(-a&^)]/ZQ 


( 3 . 27 ) 
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= “M2[(VV2) - e2cp(j&^)] 

= E;2[(E3_-V^+II^V2) - (Y^-R^Y^) exp(j©^)]/Z^ (3.28) 

1 ,1 

1+R^ 2j Sin © 

3 c 

1 1 

1+R^ 2j Sin & 

3 TC 

Yron the above equations if we take the terms containing 
the terms exp (+ 3©) on one side and common factors are 
eliminated. ¥e get, 

(R^Y^+V2) - Ii3(Ei-V^2^/ycl exp(-j©^) 

“ (3.29) 

~(R^Y^+Y2) - I^3(Eq~V^-Y2)/yQl = -(R^Y^+Y^) exp(a©^) 

- k 3 (Y^+Y^) oxp(j©^)/y^^ (3.30) 

^V2) - V1+V2) = (''4“''3^ exp(-3©J 

“ ^xl^^4"V3^ expC^j©^) (3.31) 

-(V^-V^) - z^^(E^-Y^+R^Y 2) = -(Y^~Y^) exp(3©^) 

“ Sl^V^3^3^ exp(i©^) (3.32) 

y T and %z ^ are normalized with respect to Z . Row adding : 
cl %1 — o I 

equations (3.29)vaJ^li (3.30) and (3.31) and (3*32), we get i 


where 


M. 


1 


and 


M, 



25 


( 3 . 33 ) 

r^V^ + V^ = {R^Y^+^^) Oos 9^+ a Sin %i^ /i,+^ /j qj_ (3.34) 
”^'n;l^®l~'^l'‘'%^2^ ^tc “ 0 ( ^'^“'^3 ) Sm 9^ (3.35) 

V^2 = ^ ®ix + Cos 0^ (3.36) 

From equations (3.33) and 3.34) we can get (R^V^+V^) and 
(^4+^3) terms of . and V2 from equations (3.35) 
and (3.36) we can get (V^-R^V^) and (V^-V^) in terms of 
Yj^ and Y 2 * These are s 

(R^V^+V^) = (R^Y^+Y^) Oos 9^ - ^(Ei-V^-V^) II3 Sin (3.37) 

^■^^4+^3) = ^c/% (5.38) 

(V^-R^V^) = (B1-V1+ H3V2) Cos 9^ - 0(V3_-V2) Sin (3.39) 

(V 4-V3) = (Y^-Y^) Oos 9^ - j 2 ^i(Ei“ 7^+%72) Sin 9^ (3.40) 

of 

These give us a set/two expressions for Y^ and another set 
of two expressions for Y^, Equating the expressions for 
Y^ and and thereby eliminating and Y^ we get the 
equations of the form ; 



■vi'iiQre 



26 

A» -V^ + B ’ = p-E^ 

(3.41) 

O' -7^ + D> .7^ = H-E^ 

(3.42) 


-V D' ( 1 +Ej)( 0 os - Cos ©^) + j[(Il3/y^^+y^^) 

®o ^-“3 Siri 9 ^] (3.43; 

B' “ ®o+®3 + ^'f^Vyol+yol/fi,) Sin 9 

o 

^^3 ^Tti '*' 9^ (3.44) 

O' = -2(Rj Cos e^+Cos 9^) - j[(y^j^+l/y^^) sin g,^ 

+ f ^111+1/ S“ (3.45) 

F = (Cos 9 ^ - Cos 9 ^) + oEEj Sin gin ej (3.46) 

H = -(I?3 Cos 9 ^ + Cos 9 ^) - j(s^ Sin 9^/y^^ + Sin 9 ^) 

( 3 . 47 ) 

Fron this we obtain the port voltages at ports 1 ana 2 0 



|P 

B' 




Ih 

B' 

, 7 

_ PD' - HB' _ 

A'S'-B'C^" -“l 


! A' 

B' 


O' 

D': 




ED‘ 

«. 

HB' 

\ 



i- B 

'C 


(3.48) 
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nlso 


V, 


A'H 


C'F 




Tpt ^ B'C \ 


E 

+ B'C' ^ 


( 3 - 49 ) 


Kow 


^1 


V-, . , EA' + B'H 

2 — i - 1 


E. 


A'^ + B'C 


- 1 


( 3 . 50 ) 


and 


V. 

^12 ^ K 


A’H - CE 
A'^ + B’C 


( 3 . 51 ) 


Sinilarly we can and where 3 ^^ 1 

^ _ 2 V /E The detailed expression for these two values 

^14 - 1 * 

arc given as 


( V, 2 V 2 

|[-1 + (1+1^3) ' 


S. 


14 " R 3 -I 


R E- X ^cl ) Sin 9 \ 


( 3 . 52 ) 


2 [-^1 4- (1+R3) 


5 


r 


i - 2R^ g^] CJos - dERj 


V, 


1 ^ li + (I? 

^ \ 5 » 
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D- 


15 


R^— 1 
3 


[ 13-2 


3 E, 


Y 


R. 


1 


( 1 +R^) 1^] Cos 9 ^ + 2 [ ^ 


1 


y 


cl 



I 


V. 1 

” + + — ) g-] Sin 9 ^ j 


jdi. 


( 3 . 54 ) 


'Dhc ‘jtlicr two inpodancG quantities in ^matrix which are two 
b'j ovaluatod arc pararioters ^22 and S23. Eor this, let 
there be a generator of E.M.F. E2 and internal impedance 
bo connected at port 2. This gives the following boundary 


conditions : 

h = -R/b - b = ■ h = -b/^o 

I, = 


■By putting those in equations ( 3 » 17 ) to (3.20) and equating 
tho snne with equations (3.9) to (3.12) respectively we get s 


‘"■1 I+R7 3 Sin 9 „ 
3 c 


1 -- [(RjTj^+Vg) exp(-j e^)] 


R- 


I± z t gj Sin ^ -P<-39p] 

Jy 0 C-i. C 

( 3 . 55 ) 
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and 

^2 = - 5 ^|r- • exp( 3 ®^)] 

Jy C 

= 2TW§7;7z^[(-W^ 2>-( “'Ptjeo’l 

(3.56) 

^3 = ri: 2T^ir5 [(V^2)-(VS> 

J/ Ti 

= (l+R.;,) 2j Sin Q [(“-\“R3E2+R3V2^"‘^^4“^3^3^ exp(-j©^)] 

Jy 

(3.57) 

^4 = ^ 23 

= Ti^Ep^irareJ(-VV2'^V2>-'VV3> 

Once again, we manipulate equations (3.55) to (3.58) to get 
the following : 

R 

(R^V^+Y^) - = (R^V^+V^) exp(-3»^) 

- exp(-J©^)/y^3_ (3.59) 

-(R 2 V 1 +V 2 ) - R3(E2“\“^2^/^c 1 " exp(-o©o) 


- R3(V3+V^) exp(o©^)/y^l 


(3.60) 



30 


( '^1 ^2^ exp (-jO^) 

-^7i 1^V%^3^ exp(-oO^) % 5 r. 6 l) 

“ exp(j©^) ( 3 . 62 ) 

From these we get : 


~^3^®3“^l“^2^/^cl "" ~(%\+'^ 3 )Ce^P(o%) - exp(~j&^)]/2 


-R 3 (V 4 +V^)[exp(o 0 ^) - exp(-o9^)]/2 


= -3 Sin ©^(R^Y^+V^) - R^ Cos 

(R3Y1W2) = (R^V^+Y^) Cos ©^ + 3 R^ Sin /j^j^ ( 3 . 64 ) 

= “^1 ^^^ 4 -^ 3 ^ V 3 ^ 

(Yr-Yr) = ^(Y^-R^Y^) Sin ©k + (V^-Y^) Cos ©^ (3.66) 


From these we get : 


3 ^ T^CirT ~ (1+R^)Y2] Cos ©^ + 


r| 


65 ) 
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rR^-1} -(1+R^)'V2] Cos 

+ ®2 -(^01^- 1;^) Vl -(^01 »o} f3.67) 


^4 “ Il^-il ] ^''^1+2^2 ]Cos &Q~d[^^ ^2 


cl 


Rrr y 


+ y,i) Vj, + 5 ^)v,] Sin 

( R^-i J i +(1+R^)^2. *■ ®7i 


+ j[R3 E2 + (R3Z^3_ + 

■“^^3^ ^Ttl I 


(••3.68; 


Once again, if we move all terms containing E 2 on right hand 
side and terms containing ^2 hand side and eli- 

minating common terms, we get ; 


A'V^ + B'V2 = ^”®2 
C'V^ + D'V2 = K*E2 


where A*, B*, C* and D* are same as defined earlier in 
(3.37) to (3.39) and 
C = (Cos % + R^ Cos 0^) + 3 R 3 [ Sin 
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K = -R^|^(Cos - Cos ©^) + j [Sin ©q/Yq! ~ Sin ©^]| (5.7C 


From these we get ; 



© F* - £ B» ^ G A’ + K B' ^ 

p -^P p ■■ ■ ' Ji. 

A’ + B' C A’ + B'C» 


Y = _ 2^ 


A* + B'C 


, ^2 


again 


"21 


2 I 1 ^ 2(G a* -f K BM 

®2 A'^ + B'C 


and 


Q -oh 1-0 A' K - CG 

^2 A' + B'C 


- 1 


( 5 . 7 : 


( 5 . 7 : 


{ 3 ./ 


(3.7 


The other two scattering parameters 82 ^ and 82 ^ can he 
calculated by dividing either of the two expressions of 
and Y^ in equations ( 5 . 67 ) and ( 3 . 68 ) by B 2 and multiplying 
by 2. Thus, we get ; 


"23 


Y 

Eo 


R„~l 

3 


[(1+B^) V^/E2-1 - 2 V 2 /E 2 ] Cos ©^ 


-jcyyoi - yyi +yoi)V®2 

, [R^+Cl+HjjyBj - 2 EjV^a^ 

- + i/vd sin 
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Expressions for 82^ is same as obtained earlier and 

also it can be shown that 822^ is same as 82^2 obtained 
earlier. In all, six independent S-parameters , 

^4*^22 ^33 obtained here. 


The expressions for 82^ become very 

complex specially when values of 

V2/E2 are put in the expressions. So based on equation ( 3 . 33 ) 
to (3.36) an easier solution is tried by eliminating and 
V2 instead of and 7 ^ as done earlier from ( 3 . 33 ) and 
(3.34). Once again, equating the two expression. and other 
two expression for V2 and rearranging the terns with E2_ on one 
side wo get, 


A'V^ + = 0 


O’V^ + D-V^ = -d+a,) El 


wher 

Q A' , 

B* , C and D* are same as defined 

earlier. Erom 

the 8 

0 VfO 

:^ct the new values of 8^^^ and 

These are given 

by 






2 V„ 2(1+14) A’ 

( 3 . 76 ) 


^3 

-4 = inTs'c 


and 

e 

H 

2 ad+E,) B' 

( 3 . 77 ) 


^4 E^ ^ B'C 
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SiLiilarly to get an alternative definition of we start 

-^3 

irom equations (3.62) to (3 •65) and eliminate and ^2 
instead of and V^. This way one get^, after the rearrange~ 
riicnt of terms, 


= (1+R^)E2 

C’V. + D'V„ = 0 
4 3 

Prom this we get 


23 


^ Y Cl+R,) O' 

_ 2 . 

+ B'C 


A' 


(3.78) 


■ll’is v;ay wo got all the six independent entries of S-parameter 
mc.trix for an asymmetric and unsynchronous pair of coupled 
lines with congurence. These are summarised below s 


ai 


2(A'F 4- B'H) 
DEN 


1 = S 


'44 


(3.50) 


^12 


-2(A’H 


DEN 


O'F) 


^21 


43 


>54 


(3.51) 


O 

"13 


2(l-i-R^.)l« 

^*DEJ~ ^31 ^42 ^24 



(3.76) 


(3.77) 
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a 


22 


>23 


-2(A‘K - ca) 


- 1 = s, 


33 


2(1+2^) C 
“~~DM 


= S 


32 


(3.73) 


(3.78) 


where DEN = A' + B»C' and A’, B*, G‘, E, G, H and K are 
as defined earlier. All these expressions can he simplified 
in terms of real and imaginary parts. 

By finding out expressions for real and imaginary parts 
in the above we get 


q 

qi 

= S 44 = (itin + 

( 3 . 79 ) 

^22 

= + 2Z^J.)/Dm 

( 3 . 80 ) 

Si 2 

^ ^21 ®43 ^34 " ^^311 aX^x)/l>EN 

( 3 . 81 ) 

q 

13 

" ^31 ^ ^42 ^24 ^ 

( 3 . 82 ) 

o 

q .4 


( 3 . 83 ) 

Ci 

•i 23 

= S ^2 ” ■*' 

( 3 . 84 ) 

who] 

re DEI • + 3 X^ 

( 3 . 85 ) 

and 

Yjj = 2 i (l-a^)^ - [ 3 + 2113 + 383 ^ Cos Cos j 



+ [ (l+R^) (R^ ^tiI^Xqx XQx/^ 3 ^-n;l^ 

cl^itl 


+ (l+R^^)^ ycl^ixl'^^3^ 


( 3 . 86 ) 
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- 2(1+R^) |^[1+r^2^ 2 / 2 ^^] Sin Sin ©^ 

+ [(1+R^^) y^ 3 _/R^ + 2R^/y^^] Sin ©^ Cos ©^j 
2(1-R^ )(1~Cos ©^ Cos ©^) + [(l+R^)^(R^z^^/y^^ 

-yci/lijZ^l) + (1-R^^) y^^ z^i/R^] Sin ©^ Sin ©^ 
^11 " -^(l+R^) I (z^^- 1 / 2 ^^) Sin ©^ Cos ©^ 

v« 

"^^cl ■" ®0 \ j 

2 , . C!os ©c) o 

"^2R ™ -~2(.1~R^ ) (1-CoD ©^2 + L(l+R^) 

~ ^cl/% \l'^ ~ % 

P 

^21 = -2(1+R^)[(R^ - 1/z^^) Sin ©^ Cos ©^ 

= 2(1~R^)^ (1-Cos ©^ Cos ©^) - 2[(l+R^2) y^^z^^ 

- 2R^/y^^2 

= 2(1+R^) [( 1132^1 - ^c 


(3.87) 


( 3 . 88 ) 


(3.89) 


(3.90) 


(3*91) 


(3.92) 


(3.93) 
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^4R " 2(1+11^)^ (Cos - Cos ( 3 . 94 ) 

X^I = 2(1+11^) [(R 3 /y^^ + Sin 

- (II 3 + l/z^j_) Sin (3.95) 

^5S, ^ (Cos Cos ( 5 ^ 96 ) 

X5J. = -2(1+53) + yol/®3^ ®o + 

+ lAjl)an 6 ^] (3.97) 

Xgij = -4(1+13) (Itj Oos + Oos ©^) ( 3 . 98 ) 

XgT- = -2(1+13) ['^01 +1/^01) “3 ®= 

+ (^ul + (3.99) 


These expression are seen to he reducing to special cases 

of symmetric lines for 13=1 and of homogenous lines for 

O' © = ©■ case, 

c It 
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CHAPTB2 4 

DESIGIT GONSIDEIUTIOITS 

111 Gcxrlier chapters we have derived the admittance and 
seas tering matrix of the Asynchronous and Unsymmetric coupled 
J-iiiOo. An analytical method to derive the expressions for 
Jos3.gn of syminet ric microstrip line, a case of symmetric and 
Asynchronous coupled lines, is given by Haddad and Krage [ 5 ] 
and i-or .an unsymmetric striplines in a homogenous dielectric 
mcaium Is given by Zys-'an and Johnson [4 ]. 

Jc have to derive the relationships for designing an 
Asynchronous and lonsymmetric pair of coupled line, that is 
for a case where the two parallel coupled lines are embedded 
on a, medium which is in homogenous in the direction orthogonal 
to the direction of propogation. For this we have to find 
out the conditions for perfect matching and directivity using 
tlic scattering matrix parameters. 

From the elements of S-parameter matrix obtained in 
Ohopter 3 wg can write down the conditions for perfect mat- 
ching. That is, when 


^11 “ S44 - ^ - ^22 " ^33 


( 4 . 1 ) 
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From this, we get 






= 0 


0 


X2J = 0 (4^,2) 

One notices that the necessary and sufficient condition for 
these to be true is 


% 


cl 


= 1 


and 


=1 


(4.3) 

(4.4) 

(4.5) 


Also, as a consequence of the relation (1,29) we get 




^c2 


t =1 

From equations (4.3) to (4.5) we get 


'cl Z. 


y 


c2 


(4.6) 

\l = ^1.2 = \ 

This Indicates that the two lines are matched to the temina- 
tions for both *c* and ’ti:’ modes. 

In cases where the two lines are terminated by two 
different impedances and for ports on line a and 
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line 'b' respectively. Expressions for A', B' , O', E, H, 
K, G get modified and thus we get new expressions for 
y ^21 We get • 

Yjj = 2 I (l-tt 23 )^- [(l+2a) + 2a Rj + a(2+a)Hj^] Cos 9^. Oos 


+ (l4u)^ ^/^ol ^%1 ^ ^cl \l. 


% 


(4.8) 


I, 


-2(1+11^) j [aCl-Kx + (H«)/z^^] Sin Cos 


+ [(l 4 <x Yci/^ + a(l-Hz)Il 3 /yQ 3 _] Sin ©^ Cos ©^ 


k4.9) 


X, p = 2(l-cc^R^^) (1-Cos ©^ Cos ©^) + [(1+R^) (a 


2 , 2 , 


UR 


y 




cl 


( 4 . 10 ) 


(1-a^) R-^/y^^. ^Til^ 


ind 


-Zail+H^) C(%i-l/®Ki> Sin Cos 


(4.11) 
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2(l-a R^ ) (1-Cos 9^ Cos 9^) + [(l+R^)^ (a^R^ ^tii/^cI 

- \i'> - yci%i/i% 

- (l-a^) z^3_] Sin 9^ Sin 9^ (4.12) 

and 

O O 

^21 ~ -2(1+R^) [(a R^ z^-j^ - l/z_^^) Sin 9^ Cos 9^ 

+ (“^^/yci - ycl/^3^ (4.13) 

where a = zJ^/Z^ 
o ' o 

From these the condition for perfect matching (Equation 4.1) 
gives necessary and sufficient conditions as 


“ = fc- ^01=^ V = ^ 

3 

TmiG 

ypi _ ^1x2 _ £ 

yo2 ■ 3 


which gives 


Y 

Y 
Z 
Z 


cl 

c2 

TCl 

1x2 


= 

= 1/2 o" 

= 2o^ 



(4.14) 


(4.15) 
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Th-is is similai" io whai we Lave goL earlier iLai "bLe "two 
coupled linos are matched to their external impedances for 
both 'c' and 'n;’ modes. 

Putting these conditions in other expressions for 
parameters of S-matrix we get : 

S ^2 = ^ 2 ^ = = 0 (4.16) 

while 

hs ^31 " ^24 ^42 ^ ^ ^ ®Tt (4.17) 

I'ho above condition implies zero coupling between the 
lines. Phis is because in a synchronous case where 
Q- =9 the coupling between the lines is introduced only 
by node scattering at four ports. But in an asynchronous 
case relative phase rotation of one mode with respect to 
tlio othc;r mode occurs along the physical length of the 

lino bcK’-auso v 5 ^ v . This relative phase rotation intro- 

C TC 

due 00 power ti'ansfer as seen in condition (4.17). And, the 
coupling obtained so is co-directional and the condition 
fur picrfoct matching is seen to be the condition for perfect 
directivity also , 

So for a perfect matching and total directivity the 
■1x4 S-matrix of an asynchronous and unsymmetric pair of 

coupled lines becomes • 
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a 

X > 

-fllj [ 

oxp(~j©^) 

- oxp(-j©^)]/(l+R^) 





, _ & -f^ 



j } 

r\> 

KA 

Sin 

•O/d+Ej)] e3cp[{j (f - JyS)] 

(4.19) 

if 

[exp(- 

+ R 3 

exp(-j©^)]/(l+Il 3 ) 

( 4 . 20 ) 

q _ 

023 “ 

[R 3 ox 

+ 

exp(-j©^)]/(l+R 3 ) 

(4.21) 

Hero 

t •ikin.^;^ 

a special 

case when 




© = 2 © 


( 4 . 22 ) 


wo cot 

Si^ = [oxp (-j2&^) - exp(-j©p)]/(l+fl^) 

= -.V'il 3 C(l~C!os 2 Sin^©^) + j Sin %(l-2 Cos 9 ^)] (4.23) 
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= [exp(-j2©^) + exp(-o&^)]/(l+R^) 

= [(1+il^ Cos ©Q *- 2 Sin^ © ) - 3 sin © (r +2 Oos © )]/ 

c ^ c 

(1+R3) (4.24) 


and 


"23 


[R^ exp (- 3 2©^) + exp(-j©'g/(l+R ) 


[(R^40os © - 2R Sin^© ) - j Sin © (1+2R„ Cos © )]/ 


(I+R3) 


c 

( 4 . 25 ) 


From these x-rc got the magnitude and phase of S 23 and 

Tl'iofie arc • 


is. 


14 


{ 


l+R^‘^+2 Cos ©^/( 1 +R^) 


and 


5*23! = / 1+ + 2R3 C0S ©^/(l+R^) 


(4.26) 


(4.27) 


ill i,10 


/S23 = tan” 


and 


ZSi 4 


tan 


Sin ©„ (1+2 R^ Cos ©^) 

C c 

III I. .■■I.i fii ii . M l — ...I ,| J ||— a 

(2 R3 Sin^ ©^-R^-Cos ©J): 

Si n ^^(^ 3+2 Cos ©g) 

2 Sin^©^ - 1 - R 3 Cos ©Q 


(4.28) 


(4.29) 
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Tims 



and 




(4.50) 


(4.51) 


'Tills y once again, indicates that in a perfectly matched couple 
of this typo coupling is mainly due to the relative phase 
rotation along the physical length of the line. 


For designing a coupler we can relate these conditions 
obtained for perfect matching and directivity with the per 
unit length impodanco and admittance parameters, y^, ^ 2 * 
y , a,, 2,5 and z defined earlier in Chapter 2, 

III JL 4* in 

For congurent case and = 1 and 



yj + ym 

y2 + ym 



For perfect matching and directivity 


( 4 . 52 ) 


^02 = 

“ ^^1^2 " *0 

h2 =-(V2 - = h” 


(4.55) 

(4.34) 

(4.55) 


(4.56) 



46 


From (4.33) and (4.35) we get 


or 


= ^2(l'^-Y^)/(Ye+E3Y^) 


Prom (4.34) and (4.36) 


or 


^l<Yo+T„) = V(Yo-Y^/a3) 


From (4*33) we got 


r „ \ -7 ^ „ '=^ 3 C Tti 

^^2 “o m j 


^ 2 ; ^ - Y ' 




- z 


in 


or 


m 


Z/{P-1) Y„ 

(Tq ^TT' 


vj'licrt; 


Old 


oo 


Yq + ^Y-n; 
"^C *" 


^Yq “ "^TE 

^ C IE ^ 


^m 


^2 = ^ 


(4.37) 


(4.38) 


(4.39) 

(4.40) 

(4.41) 

(4*42) 

(4.43) 
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Similarly, one can find out the per unit length admittance 
parameters y^, y^ and y^ from the expressions for 7^^, 
etc. in terms of these parameters. 

¥g now have to relate these line admittance and impedance 
Xiarameter s to the actual dimension of the coupled line system 
viz ^ line widths, gap between the two lines, the dielectric 
constant of the substrate etc. the results which are 
available in literature are either for a pair of coupled lines 
• )f cqu'il width on an inhomogenous dielectric medium or for 
a pair of a.cymmetric coupled lines in an homogenous dielectric 
T'iC'diiiru 

Analytical results are not available till date relating 
coupling, directivity and other design parameters with 
various structure parameters like dielectric constant, width 
of the lines and gap between the two asymmetric coupled lines 
in an homogenous medium. The results have been reported by 
Akhtr;.rzad [l5 ] for a pair of symmetric coupled micro strip- 
linos uoin|;j conformal mapping techniques. They have given 
rf^lationships between, even and odd mode impedances and the 
width of the lines, gap width and dielectric constant of 
the substrate. The results are suitable for a small range of 
r-Ao.tivo dielectric constant of medium. Biynt and Weiss [12 ] 
have reported some experimental data based upon the 
obtained for a pair of symmetric coupled lines on different 
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diGloctric substrates. ¥e have found the analytical 
oxprcGSions for even and odd node impedances using the 
2 .iiiiiuiiu il techniques and the results reported by Weiss* 
roouli/o are found to be quite suitable for a wide 
raiifjo oi dielectric iiediuiiiSy from relative dielectric 
constc..iit of 2*0 to 10*0, within an accuracy of + 5 percent* 
The oxprosBions for and are • 

120 %/][e^ 

JY/hl^TT^ 

+ -U17363/(1+¥Ai)^ 

+ 2.37008/(l+S/¥)ire^ 

+ 5.3’4568/(l+3/¥)^fep (4.44) 

and 

120 Tt/Ve^ 

~ [¥/li + 0.93164 (¥/h) (1/fe^) 

+ 2 . 33974/(l+W/h)^//e^ 

+ 0.9701 (¥/li)/(l+¥/4S)/7e^ 

+ l.l6070/(l+¥/S)^irep -- (^•'^5) 

wllC TO 

e Is tho effective dielectric constant 
r 

¥ is tliG width of lines 

S is the gap width 

nntl ‘h is the height of tho substrate. 



The coraplcxity of solutions increases manifold when an 
attempt is made to find out the analytical expressions rela- 
tiiig design pa.ramoters or line parameters with structure 
parameters in an Asynchronous and unsymmetric pair of coupled 
lin;,e;‘. Although the relationships between the design and 
structure pamriGters are very important, from the practical 
point of vi.ow, for designing an asynchronous and unsymmetric 
priir of coupled line, the same is beyond the scope of this 



CHAPTER 5 


FILTER COKFIGURATIOHS 

Uniformly couplod linos circuits are used for many 
a.pplicat ions including directional couplers, impedance 
matching networks and filters. Most of these circuits are 
derigned using the impedance ^admittaiice, A B C D and other 
parameters for the four port coupled lines. ¥e have already 
derived tin) properties of asymmetric uniformly coupled line 
r.tructurcn in an inhomogenous medium in terms of self and 
mutual lino constants characterizing the lines. These 
circuit pammetors for coupled line four port may he used 
to doai/rn various structures for many known applications 
including filters. 

Using the impedance or admittance matrix parameters 
given in Chapter 2 and the phase constantsfor two modes ’o' 
and ’n' with different boundaiy conditions we get different 
typos of filter structures. These have been sub-divided and 
analyned under diffoj’ont categories given below.. 

a) E^ymrnntric Intordigital Circuits 

Those are obtaiiiod either by short circuiting or open 
circuiting ports 2 and 4. will first consider the ^ort 
circuited oaso shown in Pig. 2. 
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Fir". 2(a) ; ^ynFnetric Interdigital circuit for 
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i) Sliort circuiting the two ports imposes the boundary 

condition 


\ =-^4 = 0 


(5.1) 




-pai^iDter matrix for four port coupled lines, 
obt« lined in Chapter 2, ths remaining two ports are then 
described by tho following matrix equation. 


? I ? 

' 1 ^ 


L 3 


hi hs" 



Y Y 

31 33 

; 

V 

1 3_ 


(5.2) 


wh ore 


Y Y 

11 13 

Y Y 

31 53 


t Y Cnt Q 


Y^,Cot 0^ 

TCi TC 


^Ol^SO^C 


1 iC 
nl sc Tt 


c l sc p 


117(1 




R^^d-H^/E^) s/d-HyE^) 


3 1 


oX 


TTiii 


'c ' % 


ilsi 


Cot 

3C c m 


Cot ©^ 

=30 


«o/\ 

Oot eyE^' 


c «_/E„ 

sc U 
Oot 


(5.5) 




vj’hti'ro and 9 ^ Cosecant © 

pnd ©^ = and ’1’ is the physical length of the line. 

Ho’.:, the Y matrix for a simple element (i.e. line of electrical 
©) is given by 


y. 


■j I. 


Cot © 


-^BC ® 



C5..4) 


where is the characteristic impedance of the transmission 

lin(3, A comparision of C5,4) and (5*3) suggests that the 

equivalent circuit for a symmetric interdigital circuits 

with its ports 2 and 4 short circuited is made of two trans- 

ricsion lines of two electrical lengths © and © and charonte 

c . % 

ristic impedances ^<3. Y^/(l-Il^/R^) respectively 

Joined in a parallel combination thru two transformers 
with impedance transformation ratios of l/S^ and l/R^. This 
is an ahov/n in Fig. 2(1), 

Thu’ A B C D pnraniutors based upon these are given by 

. ( 5 . 5 ) 

DSN 2 

B = j (5.6) 

DIN 2 


(5.7) 


C = (AD + 1)/B 
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D 




DEN 2 


wncrc 
DEII 2 


(5.7) 


CVol(l-S/Ro> °so®* (5.9) 


2) In the open circuited case, ports 2 and 4 opened as sho-tra. 
in Pig. 5(a). This inposes the boundary condition 


I2 = I4 = 0 


( 5 . 10 ) 


The reamining two-port is then described by the following 
onuation 


h 



sr 

5 



^11 ^3 


Z31 Z33 


(5.11) 


where 


^11 

^13 

-j hi 

r7 

31 

^33 



Cot 0, 


OZ 


irl 




Cot Q 


It 


Vso®n 


°so % 


E 0 e R Cot e, 
c SC c c c 


R C 0 
It sc TC 


R^^Cot 

•Jt 7t 


(5.12) 


Once again the Z matriz for a simple unit element is given 
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/ 2 ] 


-J z, 


Cot 6- 


sc 


sc 

Cot © 


(5.15) 


.vhere is the characteristic impedence of the line. 

1 coEiparision of (5.12) and (5-13) gives that the equiva- 
lent circuit consists of a series combination of a pair of 
transmission lines of characteristic impedances Z /(1-E /S ) 
and Z^^/(1“R^/R^) and electrica.1 lengths of and ©^ respe- 
ctively. These lines have impedance transformers of transfor- 
mation ratios R and R respectively at both the ports. 

The equivalent circuit is as shown in Rig. 3(b). Here again, 
the tx'/o unit elements have different electrical lengths. The 


A 3 


D parameters may also be derived for this case and their 


value is given by 




DEH 3 


B 

C 


(A I) - 1)/C 

. DEN 3 


_ ZoiU-VRe) ^1. 


(5.14) 

(5.15) 

(5.16) 

(5.17) 


DEE 3 


where 


°s=»-o J 


DEH 3 


(5.18) 



It is seen that for a simple case of symmetric coupled 

■ non 

lines in a homogenous medium (R = -R = l and =9 

C 7t C K ' 

the above two cases of interdigital filters reduce to the 
results obtained by Johnson [4 ]. Admittance matrix for the 
first case of short circuits at port 2 and 4 is given by 


Cot 

9 




Cot 


0 9^ 


c 

sc 

c 

nl 

% 

sc TC 


9^ 

Cot 

©c 

2 

' C 

©rr 

Cot 9^ 

sc 

c 


sc 

% 

TC 


This suggests an equivalent circuit consisting of a 

parallel combinations two transmission lines of electrical 

Otx / , / 

length Q^and^hb-aract eristic impedances of Y^^/2 and Y^^/2 

with one of the lines having polarity reversing transformer. 

to 

This type of circuit is reported/b® band pass-filter,- 

Similarly in the other case with open circuits at ports 
2 and 4 the results are similar to those reported by 
Johnson [ 4 ]. And this type of circuit is also reported to 
be a band pass filter. 

b) Prototype Meander like Sections 

3 ) The basic circuit is constructed by tying together 
terminals 3 and 4 of the four port in Pig. 1, This imposes 
the boundaiy conditions (Fig. 4 (a); 

= "^4 snd = -I4 


(5-19) 
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1 
2 

Fig. 4(a) : Meander line section for filter circuit 






Fig. 4(t) : Equivalent circuit 





it-:;writing tho impedanco matrix of a four port coupled line 
;ructurG in a way ae s 


h 




VV, 

3 


u 



( 5 . 20 ) 


whore a, b, c, d, G and f the six independent entries of tho 
4x4 matrix. Applying the boundary conditions obtained for 
meander line section wo get s 


h 


^11 

^12 

^2 


^21 

Z22 


(5;2i) 


where 

Z-,- 


8. + (c— d) /(2b— ©—O') 


Zi2 = b + (c-d) (f-c)/( 2b-e-a) - Z23_ 


( 5 . 22 ) 

(5.25) 


Z22 = e + (f-e) /(2b~e-a) 


(5.24) 


Using tho expressions for a, b, c 


etc. from Chapter 2, we get : 



" "" '^Ttl (5.25) 

(c-d) = -Z^^/Sinh y^]_ 

or 

(c-d)^ = /Sinh^ (5.26) 

(2b-e-a) = -(l+R^) Z^-^_ Coth y^^ (5.27) 

Oncu again 

(f-o) = n^\i/S±r± 

or 

(f-c)^ = R^^Z^^/Sinh^ Y^l (5.28) 

?ron expressions in (5.25) "fco (5.28) we get : 

^11 = Coth - Z 

Ttl Y^llAR^tl) (5.29) 

Z^2 = Doth Y^i - Z ,1 -feanh y^i]/(R3+1) = ^21 (5.30) 

and 

Z22 = EjCZol ^ol + Vul 


From "tliGSG we got “blie impodancG ms^’brix of b "two porf 
meander line IosisIbbs . 0^^ 
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;jZ , tan © 

tcI 7t 

(1 + Hj) 



(5.32) 


CDnpiriiij;'i this ■with impedance matrix of a unit element 

is as 

(5.13) 3 ,n equivalent circuit ^given in Fig. 4(1). The equi- 
valent circuit consists of two stubs with one of them 


cascadod vfith a polarity reversing transformer. The A B 0 D 
mritrix parameters arc as given below : 


A 


B = 


(ii^Zci Coth -fcanh y^i) 


ll„ • DEN 4 
3 


(l^+l) 


• DEN 4 

“^^cl ^cl ^3 ^Ttl ^TCl^ 


c = 

DEN 4 

and B = (AD + l)/C 

where 


DEN 4 = (Z^^ Coth Yqi “ 2^^ tanh y^q) 


(5.33) 

(5.34) 

(5.35) 

(5.36) 

(5.37) 


In an homogenous dielectric case, the above structure with 
two equal lines is a microwave type-C section [16] , 

which is an all pass circuit. In an homogenous case, however, 
the even and odd mode elements resonate at some frequencies 
creating a stop band. The band pass behaviour of a similar 
case has been confirmed experimentally [ 4 ]. 
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(c) Conb lino circuits ; 

4) This circuit is constructed by open circuiting terminals 
i ' 0 : ’ 4 in Fig. i, fho resulting structure is shown in Fig. 
5(a) and this imposes the boundary conditions 


I3 = = 0 

The impedance matrix of this structure is 



-0 Cot © 

a - Egap 


c 






1 


K_ 


n 




(5.38) 


(5.39) 


Comparing this with that of a unit element a simple equivalent 
circuit is suggested as shown in Fig. 5(h). The A B C F 
parameters of this case are given as 

A = (5.40) 

DEN 5 


B = (A D - 1)/C 


(5^41) 


C = 


J(1-F^/RJ (1-Ryil,) 


DEN 5 


(5.42) 
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IL 


D 


c 


^cl 


w 


■1. 


DEi 5 


(5.43) 


where 

DEI! 5 = ®0 Vltl ^5.44) 

5) Ixs. the dual comb line circuit where ports 3 and 4 
.'’.re short circuited as shown in Pig. 6(a) the boundary con- 
ditions imposed o-ro ^ 

V„ = V. ^ 0 (5.45) 

3 4 

Fron this, the relationship between the other two ports is 
given as 


h 


hi 

h2 

' 

h 

l2_ 


^21 

Y 22 


h_ 


x^horo 


hi h2 

d Tel ®o 

1 

- 1/P^ 


^21 ^22 

> 

I 

H 

1 

II 

-1/R^ 

^ % 




j hi h 

” 1 

-i/e 

0 ' 

(5.47) 


"a - E„/h) 

-i/h 

l/Eg 




65 


1 <r 


2 o- 


Fig. 6(a) : Dual comb line circuit for filter 
configuration. 





Fig, 6(b) : Equivalent circuit representation 
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circuit' for this is as shown in Fig. 6(b) with 
tiibo > mcl tv/o inpodancG transformors, Proio. thoso Y— 
ctcrs the A B C D parameters which are obtained are as» 


-1) Y , Cot & 


+ hi h 


DEDT 6 

" dee 6“ 


(5.48) 

(5.49) 


C = (AD + 1)/B (5,50) 

D = - hi h ■>- hi°°^ h, ] 

DEE 6 

where DEE 6 = E^(l~E^./R^)Y^^Cot ^5*52) 

(d) Other Circuits 

There are two more symmetrical circuits which have been 
analysed here, 

6) The open circuited symmetric structure is as shown in 
Eig, 7(a) and this imposes the boundary conditions given by 


I2 = I3 = 0 (5.53) 


Using the Z matrix given in Chapter 2 for a 4 port coupled 

for 

line case we get the impedance matrix /this two port case 
given by 
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Pig. 7(a) ; Open circuited ssnnmetric structure 


Unit element 



Fig. 7('b) : Equivalent circuit representation 
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^cl 

Cot 

% 

“so 

© : 
C 

j 

1 '"11 
= 1 

^l4 

= ' h-^VV 

“sc 

9o 

Got 

®o_ 

I r, 

i 41 

2^41 


__ 






^itl 

Cot 


“so 





“so 


Cot 

^71 


(5.54) 


is as sliown in Fig. TC'b) and tin 
The equivalent ci^^ given "below s 

A B C D parameters 

^ rot = -D (5.55) 

(5*56) 

B = (A D - 1)/C 

3(i-VV--5i5s5^ 


A 


G = 



) Cgo ®o + “so * 


“so ~n 

etric structure is as shown xn 


(5.57) 

(5.58) 

(5.59) 


- + ed 

7) Short cireux ^ short circuxtecL, 

4-he 

Fig. 8(a) where th 
This imposes the 


, conditions given by 


(5*60) 


V, 


7- 


0 
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and the 2 ports are represented by the matrix equation 





hi h4' 








hi h4_ 





where 







-1- 

h 

H 

^14 

3 hi 


Cot 

h 

- C © 

sc c 

hi 

h4_ 


-ho 

h 

Got © 

c 




3 hi 


Cot © 

It 

-C © ~ 

sc TC 




1 

H 

1 

-c © 

sc n 

Cot ©^ 

11 


( 5 . 61 ) 


(5.62) 


The equiva.lent circuit is, thus, as shown in Fig. 8(b) and 
A B G D parameters are : 


A = 

(I-E^HP Cot + Y^(l-Vh) h 

(5.63) 

DEN 8 

B = 

j(l - E^R^) (l-E^/E^) 

DEN 8 

(5.64) 

C = 

(A D + 1)/B 

(5.65) 

and 

D = -A 

(5.66) 


where 


(5.67) 
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(e) Uns5ramietriG Networks : 

There are three such cases discussed below. Since the 
calculation of parameters for a general case of Asymmetric 
and unsynchronous coupled lines becomes complex, the filter 
parameters out of a special case of congurent symmetry [lO] 
is discussed. Also, the unsymmetric networks do not rea.dily 
lend themselves equivalent circuit representations, 

8) First of such cases is when port 2 is short circuited and 
port 4 is open circuited as shown in Fig, 9 . This imposes, 

the boundaiy conditions i 


I 



V 


2 


= 0 


( 5 . 68 ) 


and using 4x4 matrix given by equation (5.20) we get the 
2-port case represented by 




^11 

^13 

1^3 


^31 

Z33 



where 

Zll = (a - b^/e) 

^13 ^31 = ^ 

= (e - f^/e) 


(5.69) 


(5.70) 

(5.71) 

(5.72) 
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Using the congurent symmetry condition in a, h, c and 
other parameters -we obtain : 



(l+a^)(Z^l Coth Coth 

DBU 9 


(5.73) 


'33 


~‘ ^SG '^ol *^SC '^7i;l)l 


(1+R^) 


< 5 . 74 ) 


DEU 9 



( Sinh y^ 2 _ Sinh Yq2)*UE1T 9 


(5,75) 


where 

DEU 9 = Zq 3 _ Coth Yqi + '^%1 (5.76) 


From these, we can get the A B C D parameters i 

1+E^ Oosh y^t Cosh Yp-r 
^ = ('^) (oFiiTY"^ ■- CosTy*;];^ 

B =(A D + 1)/C 


(5.77) 

(5-78) 


^cl 




^ ^ rCosh Y.-1 

a^z .z -, ’ 

3 cl n:l 


'3 -rel 


Oosh 


Sinh Y^i Sinh 


(5.79) 
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D 


Z^l^+Ej4^l4sinh Slah y^) + EH^Z^j^Z^^CCosh 


ppsh - 1 ) 


■l+R„) Z ,Z T 
3 cl 1x1 


(5.80) 


a) In anotlier .case of unsynunetric network port 2 is a 
short circuited and port 3 is open circuited Fig, "3. . Thus, 
imposing the conditions 


^2 = 0 
and = 0 


(5.81) 


¥hcrG the impedance matrix of the two port circuit is given 

hy 




Y 


4 


^11 ^14 


^41 ^44 


(5.82) 


and 


'll 


(l+H^) (Z^j_ Goth T .,1 ) goth 


(5.83) 


DEh 9 


2 _ Sinhy^^ ( Z ) 4-Z )GoshY^;^Co shY^^+2..1 

44 Sinh Yq2 7-kI 9 

(5.84) 


'14 


Vcl\l ^cl^itl ^cl ^ z 


DEN 9 


41 


(5.85) 


Sinh YqI ^4nh 
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t ‘ 


where DHM 9 is as defined earlier. The corresponding A B C D 
parnmetors are given by 


A 


(l +R^) Gos h Cosh y^ 2. 
Den 10 


( 5 . 86 ) 


3 = (A D + l)/G 

„ Slnli Slnh (Z^j_ Coth Coth 

^ol ^nl 


D 


(Si"* '^01 Ah + ^oiAi 

(Cosh Yq 2 _ Cosh Y^]_) + 


(1+E^) Den 10 

where 

Den 10 = Cosh + Cosh Y^y 


( 5 . 88 ) 


(5.89) 


10) The last of the casesaraong two port unsyroBetric networks 
is as shown in Fig. 9 where port 3 is short circuited and 
port 4 in Fig. 1 is open circuited with this we get the 
boundary conditions 


I 


4 



( 5 . 90 ) 


and impedance matrix j)arameters given as t 




^11 ^44 Si'V'en in. case 9, equation (5.84). 


'22 




(1+R^) DEH 9 


(5.91) 


A . ^ C3 ",.4 f q°thr „TC,,„Y„ig 30 Ye . 


'21 


DEI 9 


( 5 ^ 92 ) 


where DEI 9 is as defined earlier. The expressions for 

to 

A, B, C, D parameters come out /be very complex and are given 


belox\r 


1 r J^(Z.l^-*-^^-|^)YtY+l^hz,TZ^,0othY,TCothY„ i+2R^C^^Y,iC^^Yr^^ 

^ = eT'l DEI 11 

^ (5.95) 


B = (A D + 1)/G 


(5.94) 


C = 


^. 1 ^°^^ ^cl ^^5 ^Ttl ^itl 


DEI 11 


(5.95) 


Y ^ lgothY ^ l - gspY ^ lO ^ 

miu^uommm-mmmrnm i l■»i•■l■ iir- ■-ii--|ii tt rr -iitn ^ 


D = 


DEI 11 


96} 


where 

BSH 11 = Z^^^-R3^Z^j_^+Z^3^Z^3_(Rj-l)(Coth Y^iCoth Yoi-CgoY^lCsoYcl) 

(5,97) 
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This indicates that the characteristics of various coupled 
line circuits embedded in an inhonogenous medium (such as 
suspended substrates) with the two lines of different 
impedances differ markedly from those in homogenous medium 
or from the symmetric cases. But all the above expressions 
obtained in this chapter are seen to be reducing to the 
expressions for special cases of symmetric lines ii.ncttihomogGnou 
medium [ 4 ] and of homogenous cases [2] , Experimental 
results for these special cases are reported in literature. 
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COTCLU SIGNS AM) DISCUSSIONS 

In case of asyminetric, uniform coupled lines, in a-mon- 
hnnogenous-' ? mediun e.g, suspended substrates, microstrip 
lines and otNers, analysis can be done in terns of tbe line 
properties for two independent modes of excitation. The 
characteristics of two modes which travel simultaneously in 
a general case, i.e. propogation constants and characteristic 
impedances, are derived in terns of per unit length parameters 
of the coupled line structure, like, series impedances, shunt 
admittances and nutuaJ. impedance and admittance of the two 
lines, ProEi these 4 port network matrices are obtained and 
it is seen that there are six independent entries of 
those 4x4 matrices. 

In a large class of nonsynmetrical coupled lines in a 
nonhonogenous propogation medium, a voltage even mode and a 
current odd mode are found to be the fundamental uncoupled 
modes of the structure [lO], Like in case of inhomogenous 
dielectric medium with symmetric lines, both the modes 
travel independently, one at a. particular excitation, foi 
each mode, at different velocities. These two modes have been 
characterized by having wave voltages of equal magnitude and 
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sano phasG and wave currents of equal magnitude and opposite 
piiaso respectively. The condition for the existence of these 
simple modes called congurenco condition, is G /C, = (L,-M)/ 

, This condition is satisfied by non synnetrical line 
in a liomogenous mediui'i, and implies for a nonhomogenous 
dielectric, that the ratio of the two line to ground capaci— 
tancGS 0^ and 0-j^ is same in the filled and in the empty 
structure. 

These circuit parameters characterizing the four port 

nay bo used to design va.rious structures including filters, 

that 

couplers and matching networks. It is observed/a condition 
for porfoct matching gives perfect directivity also in a 
4 port coupled line structure with congurent symmetry. Also, 
in this case under perfect matching at the ports, the coupling 
is mainly co-directional and power transfer is mainly due to 
relative phase rotation due to unequal mode velocities. An 
attempt has been made to rela,te the coupling and dielectric 
parameters to the per tmit length parameters of the two cou— 
pled lines* 

It is suggested that for making full use of the work done 
ou-t here, calculation have to be hone relating the various 
line length parameters and the dimensions of coupled 
mode structure. In turn, this will give relations between 




proportiiGs of coupled mode structures in tenas of gap width., 
effective dielectric constant and strip widths. This work is 
slightly involved and can be done either analytically using 
conformal mapping techniques or numerically using finite 
difference techniques. 
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